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Abstract

In this paper, we study some properties of ordered Krasner hyper-
rings. Also we state some definitions and basic facts and prove some
results on ordered Krasner hyperring (R, +,-,<). In particular, we in-
troduce the concepts of prime hyperideals and semiprime hyperideals of
an ordered Krasner hyperring and present several examples of them.

1 Introduction and basic definitions

In [13], Heidari and Davvaz studied a semihypergroup (H, o) besides a binary
relation <, where < is a partial order relation such that satisfies the monotone
condition. Indeed, an ordered semihypergroup (H,o,<) is a semihypergroup
(H, o) together with a partial order < that is compatible with the hyperoper-
ation, meaning that for any z,y, z in H,

r<y=zox<zoyandzoz<yooz.

Here, zox < zoy means for any a € zox there exists b € zoy such that a <.
The case x o z < y o z is defined similarly. The concept of ordered semihyper-
groups is a generalization of the concept of ordered semigroups. The concept
of ordering hyperstructures introduced by Chvalina [7] as a special class of hy-
pergroups and studied by many authors, for example, Bakhshi and Borzooei
[5], Chvalina [7], Chvalina and Moucka [8], Davvaz et al. [6, 11], Ameri et
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al. [1, 2], Hoskova [14, 15]. There are different types of hyperrings. If only
the addition + is a hyperoperation and the multiplication - is an operation,
then we say that R is an additive hyperring. A special case of this type is the
hyperring introduced by Krasner [17]. Some principal notions of hyperring
theory can be found in [9, 12, 18, 19, 22, 23].

A Krasner hyperring [17] is an algebraic hypersructure (R, +, -) which sat-
isfies the following axioms:

(1) (R,+) is a canonical hypergroup [20], i.e., (i) for any x,y,z € R,x+ (y+
z) = (x +y)+ 2 (ii) for any z,y € R,z +y = y + x, (iii) there exists
0 € R such that 04+ 2 =z + 0 = z, for any = € R, (iv) for every x € R,
there exists a unique element =’ € R, such that 0 € 2+ 2’ (we shall write
—z for 2’ and we call it the opposite of z), (v) z € x 4+ y implies that
y € —x+ z and x € z — y, that is (R, +) is reversible;

(2) (R,-) is a semigroup having zero as a bilaterally absorbing element, i.e.,
rz-0=0-2=0;

(3) The multiplication is distributive with respect to the hyperoperation +.

We call 0 the zero of the Krasner hyperring (R, +, ). For x € R, let —z denote
the unique inverse of x in (R, +). Then —(—x) = z, for all z € R. In addition,
we have (z4vy) - (z+w) Cx-z+z-wty-z+y-w, (—z)-y=2z-(—-y) = —(zy),
for all z,y,z,w € R. A Krasner hyperring R is called commutative (with unit
element) if (R, ) is a commutative semigroup (with unit element). A Krasner
hyperfield is a Krasner hyperring for which (R—{0}, -) is a group. A non-empty
subset I of a Krasner hyperring (R, +, -) is called a left (resp. right) hyperideal
of R if (I,+) is a canonical subhypergroup of (R, +) and for every a € I and
re R, r-acl(resp. a-r €1I). A hyperideal of (R,+,-) is one which is a
left as well as a right hyperideal of R. That is, z +y C I and —x € I, for all
z,y€land x-y,y-x €I, forall x € [ and y € R. Let I be a hyperideal of
Rand R/I ={x+1|x € R}. Define (x+ 1)+ (y+I)={(z+1) |z €z +y}
and (x+ 1) - (y+I)=a-y+1, forall x,y € I. Then (R/I,+,") is a Krasner
hyperring.

Now, we recall the following definition from [3]. A partially ordered ring is
a ring (R, +, ), together with a compatible partial order, i.e., a partial order
< on the underlying set R that is compatible with the ring operations in the
sense that it satisfies: (1) for all a,b,¢c € R, a < b implies that a + ¢ < b+ ¢;
(2) for all a,b € R, 0 < a and 0 < b we have 0 < a-b. An ordered ring,
also called a totally ordered ring, is a partially ordered ring (R, <) where < is
additionally a total order. An element a € R such that 0 < a is called positive.
If P is the set of positive elements of a partially ordered ring, then P+ P C P
and P- P C P. Furthermore, PN (—P) = {0}. If R is an ordered ring, then
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the set {z : z € R,z > 0} is called the positive cone. The positive cone of an
ordered ring completely defines the order z < y if and only if y — 2z € P. An
ordered field is an ordered ring which is also a field. It is easy to see that if
a,b,c € R witha <band 0 < ¢, then a-c <b-c. Note that every ring is an
ordered ring with the trivial order.

2 Hyperideals in ordered Krasner hyperrings

An algebraic hypersructure (R, +, -, <) is called an ordered Krasner hyperring
if (R,+,-) is a Krasner hyperring with a partial order relation < such that for
all a,b and c in R:

(1) If a < b, then a + ¢ < b+ ¢, meaning that for any x € a + ¢, there exists
y € b+ ¢ such that z < y. The case ¢+ a < ¢+ b is defined similarly.

(2) fa<band 0<e¢ thena-c<b-candc-a<c-b.

An element a € R is called positive if 0 < a. The set of all positive elements of
R is called the positive cone of R and is denoted by P = R*. z € R is called
negative if x < 0. The set of all negative elements of R is called the negative
cone of R and is denoted by R™.

Proposition 2.1. In any ordered Krasner hyperring (R,+,-, <), for each
a,b € R, we have
a<bs —b< —a.

Proof. For each a,b € R, we have

a<b

S (=b+a)NR™ #10
& —b < —a.

O

EXAMPLE 1. Let R = {a,b,c} be a set with the hyperoperation & and the
binary operation ® defined as follows:

@la b c ®la b ¢
ala b c ala a a
b|b b R bla b c
clec R ¢ cla ¢ b
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Then, (R, ®,®) is a Krasner hyperring. We have (R, ®,®, <) is an ordered
Krasner hyperring where the order relation < is defined by:

<:={(a,a), (b,b), (¢, ), (a,b),(a,c)}.

The covering relation and the figure of R are given by:

== {(a’ b)v (avc)}'
b c

N

a
ExaMPLE 2. If (H, <,+) is a totally ordered group, then

r@r={te H:t<z}forall x € H,
x @y ={mazx{z,y}} for all x,y € H,z #y,

defines a structure of canonical hypergroup on H. If (H,+, ) is a totally or-
dered ring (for example R), then (H, @, -) is a Krasner hyperring [21]. Consider
(H,®,-) as a poset with the natural ordering. Then, (H,®,-) is an ordered
Krasner hyperring.

EXAMPLE 3. Let (R,+,-) be a Krasner hyperring and M (R) = {(a,b) : a,b €
R}. The hyperoperation @ and the multiplication ® are defined on M (R) by:

(a,b) ® (¢c,d) = {(x,y) :x € a+ ¢,y € b+ d},
(CL, b) © (Cv d) = (CLC, bd)a

for all (a,b),(c,d) € M(R). Clearly, this hyperoperation is well defined and
(M(R), @) is a canonical hypergroup. The element (0,0) is the additive iden-
tity of M(R). Also, for each (a,b) of M(R) there exists a unique element
(—a,—b) € M(R) such that (0,0) € (a,b) ® (—a, —b). Also, the multiplication
© is well defined and associative. Therefore, (M (R),®) is a semigroup. Now,
let (a,b), (c,d), (e, f) € M(R). Then,

@) ()@ (o) =(@b)o{rs) rectesed+f)
={(ar,bs):r€ct+e,sed+ [}
Also,

((@.0)© (e.d) @ ((a,6) @ (e.f) = (ac,bd) & (ae,bf)
={(g,h) : g € ac + ae,h € bd + bf}.
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By the left distributive axiom of R,

(@b ((cdaef) = (@n)od) s (@b o).

Similarly, we can show that the right distributive law is also satisfied on M (R).
Thus, (M (R),®, ®) is a Krasner hyperring. Now, let (R, +, -, <) be an ordered
Krasner hyperring. Define the order relation < on M (R) by:

(a,b) < (a’,b’) sSa<d,b<¥
Then, (M(R),®,®, =) is an ordered Krasner hyperring.

A homomorphism from an ordered Krasner hyperring (Ry,+1, 1, <1) into
an ordered Krasner hyperring (Ra,+2,-2,<2) is a function ¢ : Ry — Rs
such that (1) p(a +1b) C w(a) +2 ¢(b); (2) wla -1 b) = p(a) -2 @(b); (3) If
a <1 b, then ¢(a) <5 ¢(b). Also ¢ is called a good (strong) homomorphism
if in the previous condition (1), the equality is valid. An isomorphism from
(R1,41,1,<1) into (Ra, 42,2, <s2) is a bijective good homomorphism from
(R1,41,1,<1) onto (Rg,+2,2,<2). The kernel of ¢, kerp, is defined by
kero = {z € Ry | p(r) = 02}, where 03 is the zero of (Ra,+2,-2). If Ry is
isomorphic to Rs, then it is denoted by R; = R».

Let (R, +,-, <) be an ordered Krasner hyperring. A subset I of R is called
a hyperideal of R if it satisfies the following conditions: (1) (I,+) is a canonical
subhypergroup of (R,+); (2) x-y€ land y-x € [ for all z € T and y € R;
(3) When z € I and y € R such that y < x, imply that y € I.

Let ¢ be a homomorphism from an ordered Krasner hyperring R; into an
ordered Krasner hyperring Ro. Then, kery is a hyperideal of R; and Imy is
a subhyperring of Ry. In [10], Davvaz gave the fundamental homomorphism
theorem of Krasner hyperrings. Now, we drive this theorem in the context of
hyperrings.

Theorem 2.2. Let ¢ be a homomorphism from an ordered Krasner hyperring
R into an ordered Krasner hyperring T. Define 0 : R/kero — T by 0(x +
kerp) = ¢(x), for all x € R. Then, the following statements hold.

(1) 0 is a homomorphism from R/kery onto T.

(2) If v is a good (strong) homomorphism, then 0 is an isomorphism and
hence R/kero = T.

Proof. (1) We check the conditions of definition. Let x,y € R be such that
x + kerp =y + kerep. Then, x € y + keryp, so x € y + z for some z € kerp.
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Thus, (z) € @y +2) € (y) +¢(2) = ¢(y) + 0 = {o(y)}. So, v(z) = ¢(y).
Thus, the map 6 is well-defined. If z,y € R, then we have

O((z + kerp) + (y + kerp)) = 0({z + kerp : z € x + y})
={0(z+kerp):zecax+yt={p(z):z€x+y}

Also,
0(z + kerp) + 0(y + kerp) = ¢(z) + o(y)
2p@+y) ={p(z): 2 €z +y}

Thus, 0((z + kery) + (y + kery)) C 0(x + kery) + 0(y + kery). So, the first
condition of definition is verified. We have

0(x + kerp)(y + kerp) = 0(zy + kere) = ¢(zy)
= p(x)p(y) = 0(z + kerp) + 0(y + kerp).

So, the second condition of definition is verified. Now, let x <g y. Since ¢ is a
homomorphism, we have p(x) <p ¢(y). Thus 0(z+kery) <r 6(y+kery). So,
the third condition of definition is verified. Therefore, 6 is a homomorphism.

(2) Assume that ¢ is a good (strong) homomorphism. It can be seen from
the proof of (1), that 6 is a good (strong) homomorphism. We know that
0+ kerp € kerf. Let x € R be such that 8(x + kerp) = 0. Then p(z) =0, so
x € kerp. Hence x+keryp = 0+kerp. Thus we have kerf = {0+kery}. Hence
6 is one to one. Clearly, 6 is onto. Thus € is a good (strong) isomorphism.
That is R/kery is strongly isomorphic to T'. O

Theorem 2.3. Let (R,+,-,<) be an ordered Krasner hyperring with positive
cone P and ¢ : R — R be any good (strong) homomorphism of the canonical
hypergroup (R,+) such that p(P) C P. Assume that for any r € R, there
exists an integer n > 1 such that ©™(r) =r. Then, ¢ is the identity map.

Proof. If a < b, then b —a C P. So, by hypothesis (b —a) C P. Since ¢ is a
good (strong) homomorphism of (R, +), it follows that ¢(b—a) = ¢(b) —¢(a).
Therefore, p(a) < p(b). Now, let ¢ # id. Then ¢(r) # r for some r € R. We
have either r < ¢(r) or ¢(r) < r. Say r < ¢(r). Fix an integer n > 1 such
that ¢™(r) = r. Then, we have

r<or)<}(r)<---<@(r)=r

a contradiction. If ¢(r) < r, a similar contradiction results. Therefore, ¢ is
the identity map. O

In the following, we shall specialize our study to some of the basic facts
concerning ordered Krasner hyperrings.
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Definition 2.4. A non-empty subset P of an ordered Krasner hyperring
(R,+,-, <) is called a prime hyperideal of R if the following conditions hold:

(1) A-B C P implies that A C P or B C P for any two hyperideal A and
B of R.

(2) If x € P and y < x, then y € P for every y € R.

EXAMPLE 4. Define the hyperoperation & and the operation ® on the set
R=1{0,1} by

o]0 1 o0 1
0]0 1 0[]0 0
11 {0,1} 100 1

Then, (R, ®,®) is a commutative Krasner hyperring with the zero element 0.
Consider (R, ®,®) as a poset with the natural ordering. Thus, (R, ®,®) is
an ordered Krasner hyperring. Now, it is easy to see that {0} and {0,1} are
hyperideals of R. It is obvious that {0} is a prime hyperideal of R.

ExAMPLE 5. Consider the hyperring R = {0, a, b} with the hyperaddition &
and the multiplication ® defined as follows:

@0 a b ©|0 a b
010 a b 0{0 0 O
al|a {a,b} R a0 b a
blb R {ab} b0 a b

Then, (R, ®,®) is a Krasner hyperring [4]. We have (R, ®, ®, <) is an ordered
Krasner hyperring, where the order relation < is defined by:

<= {(07 O)a (av a)7 (bv b)a (Oa a)a (07 b)}
The covering relation and the figure of R are given by:
<= {(07 a)a (07 b)}
a b

NS

0

Now, it is easy to see that {0} and {0, a, b} are hyperideals of R. It is obvious
that {0} is a prime hyperideal of R.
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EXAMPLE 6. Let R = {0,a,b,c} be a set with the hyperoperation & and the
multiplication ® defined as follows:

@10 a b c ©l0 a b ¢
010 a b c 0j]0 0 0 O
a|a {0,b} {a,c} b a0 a b c
bbb {a,c} {0,b} a b10 b b O
clc b a 0 c|0 ¢ 0 ¢

Then, (R, ®,®) is a Krasner hyperring [4]. We have (R, ®, ®, <) is an ordered
Krasner hyperring where the order relation < is defined by:

<:={(0,0), (a,a), (b,b), (c,c),(0,b), (c,a)}.

The covering relation and the figure of R are given by:

<={(0,0), (c,a)}.
b

0 c

Now, it is easy to see that Iy = {0}, I = {0,b}, Is = {0, ¢}, I, = {0,b,c} and
I5 = {0, a,b,c} are hyperideals of R. Also I, I3 and I, are prime hyperideals
of R. The hyperideal I; = {0} is not a prime hyperideal of R. Indeed,

{0,b} ® {0, ¢} = {0}, but {0,b} € {0} and {0,c} Z {0}.

EXAMPLE 7. Let R = {a,b,c,d, e, f} be a set with the hyperoperation & and
the multiplication ® defined as follows:

D | a b c d e f
ala b c d e f
b b {a,b} d {c,d} f {e, f}
c|e d c d {a,c,e} {b,d, [}
d|d {cd} d {¢,d} {b,d, [} R
ele f Aacel {bdf} e f
S fesy (bdgy R [ {ef)
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and
Ola b ¢ d e f
ala a a a a a
bla b a b a b
cla a ¢ c e e
dla b ¢ d e f
ela a e e ¢ c¢
fla b e f ¢ d

Then, (R, ®,®) is a Krasner hyperring. We have (R, ®,®, <) is an ordered
Krasner hyperring, where the order relation < is defined by:

< = {(a7a)’ (b7 b)v (C7 C)’ (dv d)? (6, 6), (fa f)7 (av b)7 (a’v C)v
(a,d), (a,€), (a, f), (b, d), (b, f), (c,d), (e, )}

The covering relation and the figure of R are given by:

<= {(a,b),(a,¢),(a,¢€), (b,d), (b, f), (¢, d), (¢, f)}-

a

It is easy to see that {a}, {a,b}, {a,c,e} and {a,b,c,d,e, f} are hyperideals
of R. It is obvious that {a,b} and {a,c,e} are prime hyperideals of R. The
hyperideal {a} is not a prime hyperideal of R. Indeed, {a,b} ® {a,c,e} = {a},

but {a,b} ¢ {a} and {a,c,e} ¢ {a}.

Definition 2.5. A non-empty subset I of an ordered Krasner hyperring
(R,+,-, <) is called a semiprime hyperideal of R if the following conditions
hold:

(1) A- A C I implies that A C I for any hyperideal A of R.
(2) Ifx € T and y < z, then y € I for every y € R.

REMARK 1. Every prime hyperideal of R is a semiprime hyperideal of R.



HYPERIDEAL THEORY IN ORDERED KRASNER HYPERRINGS 202

ExAMPLE 8. In Example 6, I; = {0} is a semiprime hyperideal, but is not a
prime hyperideal.

Definition 2.6. An ordered Krasner hyperring (R, +,-, <) is said to be a
prime hyperring if a - R-b = 0 for a,b € R implies either a = 0 or b = 0.
Equivalently, an ordered Krasner hyperring R is called prime if a-r-b = 0 for
all » € R implies either a = 0 or b = 0.

ExAMPLE 9. In Example 4 and Example 5, R is prime, but in Example 6 and
Example 7, R is not prime.

Definition 2.7. An ordered Krasner hyperring (R, +,-, <) is said to be a
semiprime hyperring if a - R-a = 0 for a € R implies ¢ = 0. Equivalently, an
ordered Krasner hyperring R is called semiprime if a-r-a =0 for all r € R
implies a = 0.

REMARK 2. Every prime ordered Krasner hyperring is a semiprime ordered
Krasner hyperring.

ExAMPLE 10. In Example 6, R is a semiprime ordered Krasner hyperring, but
is not a prime ordered Krasner hyperring.

Definition 2.8. Let (R,+,-, <) be an ordered Krasner hyperring with the
positive cone P. A subset A C R is convez if 0 < p < ¢q, ¢ € A implies that
p € A. Equivalently, A is convex if p; + ps C A, p; € P, implies that p; € A,
i = 1,2. A hyperideal A of an ordered Krasner hyperring (R, +, -, <) is said
to be convex if it is convex as a subset.

ExXAMPLE 11. (1) In Example 4, the hyperideals {0} and {0, 1} are convex.
(2) In Example 5, the hyperideals {0} and {0, a, b} are convex.
(3) In Example 6, the hyperideals I, I, I, I4 and I5 are convex.
(4) In Example 7, the hyperideals {a}, {a,b}, {a,c,e} and {a,b,c,d, e, f}

are convex.

Theorem 2.9. Let (R, +,, <) be an ordered Krasner hyperring. A hyperideal
I C R is the kernel of a homomorphism in an ordered Krasner hyperring if
and only if I is a convex hyperideal of R.

Proof. Let ¢ : R — R be a homomorphism and I = kery. Let 0 < p <g¢gin R
with ¢(g) = 0. Since ¢ is a homomorphism, it follows that 0 < ¢(p) < p(q) =
0 in R. Thus we have ¢(p) = 0. Therefore, I = keryp is a convex hyperideal
of R.

Conversely, suppose that I is a convex hyperideal of R. Consider the
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projection map 7w : R — R/I. We can impose an order on R/I so that 7 is

order preserving if, whenever szGQ C I, p; € P,a; € R, then pjag el,

1 < j < n. This is the second characterlzatlon of convexity of Definition 2.8.
The weakest order on R/I such that m is order preserving, namely 7, (P) =
{p+1:pe P}, will be called the induced order. O

Definition 2.10. A convex hyperideal @ C R is a mazimal convex hyperideal
if @ # R and whenever Q C @', Q' a convex hyperideal, either Q' = Q or

Q=R
Now, we establish the existence of maximal convex hyperideals.
Theorem 2.11. Let (R, +,-, <) be an ordered Krasner hyperring. Let T ; R

be a convex hyperideal. Then, I is contained in at least one mazximal convex
hyperideal.

Proof. The family of all convex hyperideals containing I but not containing 1
is non-empty, partially ordered by inclusion, and satisfies the chain condition.
Thus by Zorn’s Lemma the proof completes. O

REMARK 3. Since I = (0) is always a convex hyperideal of R, we conclude
that any non-zero ordered Krasner hyperring (R, +, -, <) has maximal convex
hyperideal.

REMARK 4. Maximal convex hyperideals are prime.

Definition 2.12. If (R, +, -, <) is an ordered Krasner hyperring and A C R,
then (A] is the subset of R defined as follows:

(A]={t € R:t <a, for some a € A}.

Lemma 2.13. Let (R,+,-,<) be an ordered Krasner hyperring. If A and B
are non-empty subsets of R, then we have:

(1)

(2)

(3) ((A]] = (4];

(4) (AuB]= (AU (B];
() (A +(B] € (A+ B]
(6) (A]-(B] € (A-B]
(7) ((A]- (B]] = (A- B
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(8) If A,B,C C R such that A C B, then A+C C B4+C and C+A C C+B;
(9) If A,B,C C R such that AC B, then A-CCB-CandC-ACC-B.
Proof. The proof is straightforward. O

Definition 2.14. Let (R, +,-, <) be an ordered Krasner hyperring. A non-
empty subset S of R is called an M -system of R if for each a,b € S, there
exist r € R and ¢ € S such that ¢ < a- (r-b) or equivalently ¢ € (a- (R b)].

EXAMPLE 12. (1) The set {0,1} is an M-system of an ordered Krasner hy-
perring defined in Example 4.

(2) The sets {0,a}, {0,b}, {a,b} and {0, a,b} are an M-system of an ordered
Krasner hyperring defined in Example 5.

(3) The sets {0,a}, {0,b}, {0,c}, {a,b} and {a,c} are an M-system of an
ordered Krasner hyperring defined in Example 6, but {b,c} is not an
M-system of an ordered Krasner hyperring defined in Example 6.

(4) The sets {a}, {a,b} and {a, c, e} are an M-system of an ordered Krasner
hyperring defined in Example 7, but {b, ¢} is not an M-system of an
ordered Krasner hyperring defined in Example 7.

Definition 2.15. Let (R, +,-, <) be an ordered Krasner hyperring. A non-
empty subset S of R is called an N-system of R if for each a € S, there exist
r € R and c € S such that ¢ < a- (r - a) or equivalently ¢ € (a- (R - a)].

REMARK 5. Every M-system of R is an N-system of R.

EXAMPLE 13. The set {b,c} is an N-system of an ordered Krasner hyperring
defined in Example 6, but is not an M-system of an ordered Krasner hyperring
defined in Example 6.

Definition 2.16. A non-empty subset I of an ordered Krasner hyperring
(R,+,-, <) is called a quasi-prime hyperideal of R if for all left hyperideals A,
Bof R, A-B C I implies that AC I or BCI.

Definition 2.17. A non-empty subset I of an ordered Krasner hyperring
(R, +, -, <) is called a quasi-semiprime hyperideal of R if for any left hyperideal
Aof R, A- A C I implies that A C I.

REMARK 6. Every quasi-prime hyperideal of R is a quasi-semiprime hyperideal
of R.

EXAMPLE 14. In Example 6, {0} is a quasi-semiprime hyperideal of R, but is
not a quasi-prime hyperideal of R.
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Definition 2.18. A non-empty subset I of an ordered Krasner hyperring
(R,+,-, <) is called a quasi-irreducible hyperideal of R if for all left hyperideals
A, Bof R, AN B C I implies that AC I or B C I.

ExAMPLE 15. In Example 6, {0,b}, {0,c} and {0,b,c} are quasi-irreducible
hyperideals of R, but {0} is not a quasi-irreducible hyperideal of R.

Lemma 2.19. Let I be a left hyperideal of an ordered Krasner hyperring
(R,+,-,<). Then, I is quasi-prime hyperideal if and only if for all a,b € R,
a-(R-b) C I implies thata € I orbe 1.

Proof. 1t is straightforward. O

Theorem 2.20. Let I be a left hyperideal of an ordered Krasner hyperring
(R,+,-,<). Then, I is quasi-prime hyperideal if and only if R\ I is an M-
system.

Proof. Let I be a quasi-prime hyperideal and a,b € R\ I. Assume that
cég(a-(R-b)] forall c € R\ I. Then (a-(R-b)] C I. This implies that
a-(R-b) C 1. So,a€lorbe I, which contradicts the assumption that
a,b€ R\ I. Hence R\ I is an M-system.

Conversely, let R\ I be an M-system and a-(R-b) C I for some a,b € R\ I.
Then there exist ¢ € R\ I and = € R such that ¢ < a - (z - b), which implies
that ¢ € I, it contradicts the assumption ¢ € R\ I. Hence I is a quasi-prime
hyperideal of R. O

Lemma 2.21. Let I be a left hyperideal of an ordered Krasner hyperring
(R,+,-,<). Then, I is quasi-semiprime hyperideal if and only if for all a € R,
a-(R-a) C I implies that a € 1.

Proof. 1t is straightforward. O

Theorem 2.22. Let I be a left hyperideal of an ordered Krasner hyperring
(R,+,-,<). Then, I is quasi-semiprime hyperideal if and only if R\ I is an
N -system.

Proof. Let I be a quasi-semiprime hyperideal and a € R\ I. Assume that
¢ (a-(R-a)] forall c € R\ I. Then (a-(R-a)] C I. This implies that
a-(R-a) CI. So, a € I, which contradicts the assumption that a € R\ I.
Hence R\ I is an N-system.

Conversely, let R\ I be an N-system and a - (R-a) C I with a ¢ I. Then
there exist ¢ € R\ I and r € R such that ¢ < a - (r - a), which implies that
¢ € I, it contradicts the assumption ¢ € R\ I. Hence a € I. Therefore, I is a
quasi-semiprime hyperideal of R. O
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Theorem 2.23. If N is an N-system of an ordered Krasner hyperring(R, +, -, <
) and a € N, then there exists an M-system M of R such that a € M C N.

Proof. Let N be an N-system of an ordered Krasner hyperring R and a €
N. Then, by definition of N-system, there exist some ¢; € N such that
c1 € (- (R-a)],s0 (a-(R-a)]NN # 0. Take a; € (a-(R-a)]NN
and again using the definition of N-system, there exist ¢ € N such that
c3 € (a1 - (R-a1)],s0 (a1 - (R-a1)] NN # (. Continuing in this way, we take
a; € (a;—1 - (R-aj—1)]NN # 0. Take ap = a and define M = {ag,ay, - }.
Then, M is an M-system and a € M C N. O

Now, we recall the definition of a regular ring. An element a in a ring R
is said to be regular if a € aRa. A ring R is called regular if every element
of R is regular. In the following, we present some results on regular ordered
Krasner hyperrings.

Definition 2.24. Let (R, +,, <) be an ordered Krasner hyperring. An ele-
ment a € R is said to be regular if there exists an element x € R such that
a < (a-x)-a. An ordered Krasner hyperring (R, +, -, <) is said to be regular
if every element of R is regular.

EXAMPLE 16. The ordered Krasner hyperring (R, ®, ®) defined as in Example
4, is regular.

Definition 2.25. Let (R, +,-,<) be an ordered Krasner hyperring. An ele-
ment a € R is said to be right regular if a € (a* - R).

Theorem 2.26. Let (R,+,-,<) be an ordered Krasner hyperring. Then, R is
a regqular ordered Krasner hyperring if and only if (A- B] = (AN BJ for right
hyperideal A and left hyperideal B of R.

Proof. Let R be regular. It is clear that (A- B] C (AN B]. If c € (AN B,
then ¢ < z for some z € AN B. Since R is regular, there exists an element
z € Rsuch that ¢ < (¢-z)-¢c. Wehavec< (¢c-z)-¢C(c-x)-2C ((A-R)-B].
Thus c € ((A-R)-B] C (A- B]. Hence, (AN B] C (A- B]. Therefore, we have
(A-B]=(ANnB].

Conversely, let a € R. Then we have a € (a- RN (R-a] = ((a-R)-(R-a)] =
(a-R-al]. So, there exists an element & € R such that @ < (a-x)-a. Therefore,
R is a regular ordered Krasner hyperring. O

Theorem 2.27. Every hyperideal of a reqular ordered Krasner hyperring R
s a prime hyperideal if and only if it is an irreducible hyperideal of R.

Proof. Suppose that P is prime hyperideal of R and (ANB] C P. By Theorem
2.26, (A-B] = (AN B], so (A- B] C P which implies that (A] C P or (B] C P.
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Therefore, P is irreducible hyperideal of R.

Conversely, suppose that P is an irreducible hyperideal of R. Then (A N
B] C P implies that (A] C P or (B] C P. By Theorem 2.26, (A-B] = (AN B,
and so P is a prime hyperideal of R. O

Definition 2.28. An ordered Krasner hyperring (R, +,-, <) is called intra-
reqular if for every a € R, there exists z,y € R such that a < z-a? -y, or
equivalently a € (R - a?- R].

EXAMPLE 17. The ordered Krasner hyperring (R, @, ®) defined as in Example
4, is intra-regular.

The notion of pseudoorder on an ordered semigroup was introduced and
studied by Kehayopulu and Tsingelis [16]. Now, we continue this section with
a similar definition for ordered Krasner hyperrings.

Definition 2.29. Let (R, +, -, <) be an ordered Krasner hyperring. A relation
pon R is called pseudoorder if the following conditions hold:

1) <Cp;

)
2) apb and bpc imply apc;
)

3) apb implies a + cpb + ¢ and ¢ + apc + b, for all ¢ € R;

(
(
(
(4) apb implies a - ¢pb - ¢ and ¢ - apc - b, for all ¢ € R.

Definition 2.30. Let (R, +,-,<g) and (T, ®, ®, <r) be two ordered Krasner
hyperrings. Under the coordinatewise multiplication, i.e.,

(r1,t1) B (12, t2) = (11 + 12,61 B ta),
(r1,t1) * (r2,t2) = (11 - 72, t1 ® ta),

where (r1,t1), (r2,t2) € R x T, the Cartesian product R x T of R and T forms
a Krasner hyperring. Define a partial order < on R x T by (r1,t1) < (ra,t2)
if and only if 7 <g 79 and t; <p to, where (r1,%1), (r2,t2) € R x T. Then,
(R x T,H, %, <) is an ordered Krasner hyperring.

Definition 2.31. Let (R, +,-,<g) and (T, ®, ®, <7) be two ordered Krasner
hyperrings, p1, p2 be two pseudoorders on R, T, respectively. On R x T we
define:

(r1,t1)p(re, t2) © r1p1re and typats.

Lemma 2.32. In Definition 2.31, p is pseudoorder on R x T'.

Proof. 1t is straightforward. O
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Theorem 2.33. Let (R,+,-,<g) and (T,®,®,<r) be two ordered Krasner

hyperrings, p1, p2 be two pseudoorders on R, T, respectively. Then,
(RxT)/p* = R/pi x T/p5.

Proof. We consider the map ¢ : (R x T)/p* — R/p5 x T/ps by (p*(r,t)) =
(p1(r), p5(t)). Suppose that p*(ri,t1) = p*(r2,t2). Then, (r1,t1)p*(r2,t2)
which implies that (r1,t1)p(ra,t2) and (ra,t2)p(r1,t1). Hence, ripira, t1pate,
rop1r1 and topat; which imply that ripire and t1p3ta. So, (pi(r1),p5(t1)) =
(p5(r2), p3(t2)). This means that (p*(r1,t1)) = ¥(p*(ra,t2)). Therefore, 3
is well defined. Now, we show that 1) is a homomorphism. Suppose that
p*(r1,t1) and p*(re,ta) are two arbitrary elements of (R x T')/p*. Then,

'(/)(P*(’f'l,tl) & p*(TQatQ)) = 1/1(/0*(7“, t)z’ for all (7", t) € (7“1,151) i (r27t2)

(pi( )
= (pi(r1) + pi(r2), p3(t1) © p3(ta))
(p1(r1), p3(t1)) B (p7(12), p3(t2))
= (p*(r1,t1)) B (p*(r2, t2)).

So, the first condition of the definition of homomorphism is verified. Suppose
that p*(r1,¢1) and p*(ra,t2) are two arbitrary elements of (R x T')/p*. Then,

Y(p*(r1,t1)Vp*(r2,t2)) = (p*(1,t)), for (r,t) = (r1,t1) x (12, t2)
r 7T =717, t:t1®t2

), 5(t1) © p3(t2))

1(r2), p5(t2))

(Tg,tg)).

So, the second condition of the definition of homomorphism is verified. Now,
suppose that p*(r1,t1) < p*(ra,t2). Then, (r1,t1)p(ra,t2) which implies that
ripire and t1pata. Thus, pi(r1) =g pi(re) and p3(t1) =7 p5(t2). Hence,
(P1(r1), p3(t1)) Zrxr (Pi(r2),p3(t2)). This means that ¢ (p*(r1,t1)) Xrxr
¥(p*(re,ta)), and so the third condition of the definition of homomorphism
is verified. Therefore, 1 is a homomorphism. Clearly, ¥ is onto. So, we
show that it is one to one. Suppose that ¥(p*(r1,¢1)) = ¥ (p*(re,t2)). Then,
(pi(r1), p3(t1)) = (pi(r2), p3(t2)) and so pi(r1) = pi(r2) and p5(t1) = p5(t2).
Hence, (r1,72) € pt and (t1,t2) € p5. This implies that r1pire, repir1, t1pata
and topoty. Thus, (r1,t1)p(ra,t2) and (ro,t2)p(ri,t1). Therefore,
(r1,61)p*(re,t2) or p*(r1,t1) = p*(ra,t2). Therefore, ¢ is an isomorphism
and so the proof is completed. O

Open problem. What is a necessary and sufficient condition for a Krasner
hyperring (R, +, ) to be orderable?
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